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In an attempt to theoretically investigate the topological quantum phase transition and criticality
in long-range models, we study an extended Kitaev chain. We carry out an extensive characterization
of the momentum space to explore the possibility of obtaining higher order winding numbers and
analyze the nature of their stability in the model. The occurrences of phase transitions from even-to-
even and odd-to-odd winding numbers are observed with decreasing long-rangeness in the system.
We derive topological quantum critical lines and study the universality class of critical exponents to
understand the behavior of criticality. A suppression of higher order winding numbers is observed
with decreasing long-rangeness in the model. We show that the mechanism behind such phenomena
is due to the superposition and vanishing of the critical lines associated with the higher winding
number. We also provide exact solution for the problem and discuss the experimental aspects of the
work.
I. INTRODUCTION
Topological states of matter are considered as novel
phases of matter in modern physics. The concept started
as a theoretical prediction and expanded towards experi-
mental realizations1,2. For almost a century, Landau the-
ory of spontaneous symmetry breaking explained almost
all the phases of matter except topological phases3–5.
Landau theory relies on the existence of the local order
parameter, which is absent in topological state of mat-
ter6. This created a need for some alternate way to estab-
lish topological characterization. Topological invariant is
a promising quantity, which explains gapped topological
phases in a very accurate way, but fails when it comes to
topological quantum phase transition (TQPT) 7.
TQPT are basically quantum phase transitions at
quantum critical points (QCP), since they occur at zero
temperature8–10. At QCP, instead of vanishing local or-
der parameter, topological system has a special kind of
diverging topological correlation factor in its electronic
band structure11. This topological correlation factor is
directly associated with topological invariant. Hence
topological invariants are well quantized at the gapped
phases and ill defined at QCP. So far for a 1D sys-
tem, winding number (WN) is the most accepted form
of topological invariant which is the integration of Berry
connection (vector potential) over the Brillouin zone.
Hence considering this as correlation factor, it is pos-
sible to extract the information around the QCP. This
insight helped scientific community to think about topo-
logical state of matter from the perspective of critical-
ity. Even earlier, there were many attempts like renor-
malization group 12–14, curvature function renormaliza-
tion group15 and other scaling approaches to explain
TQPT16,17. But now it is evident that, there is a possi-
bility to explain criticality through correlation function,
curvature function15, critical exponents and universality
class of TQPT11,18.
Topological state of matters are the area of curios-
ity because of the emergence of exotic quasi-particles
unlike fermions and bosons19. The area became more
prominent with its real life applications20. It is possible
to generate higher order localized edge modes through
periodic driving and long-range interactions, where the
previous method yield dynamical localized modes and
the later yields static21,22. Higher order localized modes
have their own interests in topological state of matter.
Long-range topological models are the more generalized
version of novel phases of matter. This includes real-
ization of new phases like edge insulating topological
phases23,24 with fractional topological invariants25 and
quasi-particles like Majorana zero modes (MZM), mas-
sive majorana modes26. In this work, we carry out a the-
oretical study of the long-range models. Our motivation
is two folded. First is from the perspective of topological
characterization in momentum space and the second is
to explore the criticality of long-range models.
We theoretically study the topological quantum phase
transition and criticality in a long-range Kitaev chain.
We analyze the possibilities of obtaining higher order
winding numbers and study their stability in the model.
Our analysis shows the phase transition from even-to-
even and odd-to-odd winding numbers with decreasing
long-rangeness in the system. We also provide a few
exact solutions for winding number. We derive topo-
logical quantum critical lines and observe a suppression
of higher order winding numbers is seen with decreasing
long-rangeness in the model. As a reason we argue for the
superposition of two critical lines with different winding
numbers followed by vanishing of the critical line with
higher winding number. We calculate the critical expo-
nents and make a comparative study of the universality
classes between the long-range Kitaev chain and original
Kitaev chain.
This paper is organized as follows. In Section II we
explain our model Hamiltonian and aim of the study. In
Section III we carry out the topological characterization
of momentum space which includes but not limited to dis-
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2cussions on winding number, even-odd site effects, stabil-
ity of higher order winding numbers with a few relevant
exact solutions and a study of the configuration space.
In Section IV we elaborate on the topological quantum
criticality of long-range system. Here we explain phase
diagram construction with detailed study of critical lines,
the phenomena of superposition and vanishing of critical
lines. We also calculate the universality class of critical
exponents. In Section V we provide the generalization,
outlook and experimental aspects of the work. Then we
conclude in Section VI.
II. THE MODEL AND AIM OF THE STUDY
We consider 1D Kitaev model with r neighboring in-
teractions (both hopping and pairing)25.
H = −
L∑
j=1
µ(c†jcj−1/2)−
L−l∑
j=1
r∑
l=1
(Jlc
†
jcj+l+∆lc
†
jc
†
j+l+H.c.),
(1)
where µ is the chemical potential, L is the number of
lattice sites, Jl and ∆l are the strengths of hopping and
pairing terms respectively with long-range interactions of
the form
Jl =
J0
dαl
,∆l =
∆0
dβl
.
These hopping and pairing terms couple the lattice cite
j with j + l. For a system with open boundary con-
dition, the distance dl = l. For closed boundary dl =
min(l, L − l). α and β are the non-negative parameters
which represent the power-law decay of hopping and pair-
ing terms respectively. When α → ∞, system behaves
as long-range pairing and when β →∞, system behaves
as long- range hopping models. When both α, β → ∞
system behaves as original Kitaev chain19,25,27.
After the Jordon-Wigner transformation, one can write
the model in the momentum space as
(2)
H1 =
∑
k>0
(
−µ− 2J0 cos[kl]
lα
)
(ψk
†ψk + ψ−k†ψ−k)
+ 2i∆0
∑
k>0
(
sin[kl]
lβ
)
(ψk
†ψ−k† + ψkψ−k),
where ψ†(k) (ψ(k)) is the creation (annihilation) opera-
tor of the spinless fermion of momentum k. We can write
the BdG Hamiltonian as
HBdG(k) =
(
χz(k) iχy(k)
−iχy(k) −χz(k)
)
. (3)
We can express the Hamiltonian by Anderson pseudo-
spin approach28,29. One can write the BdG Hamiltonian
in the pseudo-spin basis as
(4)HBdG(k) = χx(k)~τ1 + χy(k)~τ2 + χz(k)~τ3,
= Σi~χi(k).~τi,
where τi = (τ1, τ2, τ3) are the Pauli matrices in particle-
hole space and the coefficients
χx(k) = 0,
χy(k) = 2∆0
sin[kl]
lβ
,
χz(k) = (−µ− 2J0 cos[kl]
lα
). (5)
The terms cos(kl)lα and
sin(kl)
lβ
act as polylogarithmic func-
tions. Quasi-particle excitation energy is then given by
E = ±
√
χ2z + χ
2
y. (6)
In the current work our interest is to analyze the Ki-
taev model with finite number of interacting neighbors.
So, we consider the Hamiltonian with both long-range
hopping and pairing with finite r. We consider α = β
and J0 = ∆0 = λ, so that within this regime the sys-
tem resembles isotropic Kitaev chain with r neighboring
interactions. Hence as one varies the value of r, it is pos-
sible to generate Kitaev chain whose neighboring terms
have a relation of power law decay in their amplitude.
Here we explain the aim of our work. (i) For a long-
range Kitaev model with r nearest neighbors, there ex-
ists r topological phases21,25 and one can recover origi-
nal Kitaev chain when α, β → ∞,19,27. It is a very ef-
fective method to choose more number of neighbors to
achieve higher order WNs and a staircase to higher or-
der TQPT21. Here our interest is to understand and
analyze the possibility of obtaining all the r topological
phases. (ii) For a transition from higher WN to lower
WN, there exists a staircase to higher order TQPT21.
Here we attempt to carry out an analysis of such TQPTs,
the pattern of transition and stability of those topological
phases. (iii) For a longer-range model with r interacting
neighbors, there exists r topological phases and critical
lines which distinguish the topological phases30. Hence,
when a long-range model is reduced to its original short-
range version, there may be a chance of change in the be-
havior of its corresponding critical lines also. To explain
this, we derive all possible critical lines and study their
behavior from the perspective of quasi-particle energy
spectrum, curvature function and ground-state energy.
(iv) Every system which undergoes critical phenomenon
exhibits a specific universality class of its critical expo-
nents. This universality class helps to understand and
classify the nature of the criticality. Here we try to make
a comparison between universality classes of the reduced
long-range and original Kitaev chains.
III. TOPOLOGICAL CHARACTERIZATION IN
MOMENTUM SPACE
Winding number is the most accepted form of topolog-
ical invariant31,32. Even though it is not possible to use
it as local order parameter, it gives a clear picture about
3the topological index of the system. In this section, we
derive WN for different configuration spaces, to under-
stand the possible topological index of the system. We
study the even-odd site effect for higher order WNs29,33
and analyze the ground state energy to explain the sta-
bility of higher order WNs21,34–36. We also derive a few
exact solutions to the WN.
A. Winding Number
For a system in 1D, WN is defined as,
W =
1
2pi
∮
∂θk
∂k
=
χz∂kχy − χy∂kχz
χ2z + χ
2
y
, (7)
where θk = tan
−1
(
χy
χz
)
. This relation holds good even
for long-range models with r nearest interacting neigh-
bors. In all possible cases, topological index secures a
quantized value (integers like W = 0, 1, 2, 3..., r) and this
depends on the number of interacting neighbors. This
is because, the WN is always associated with the mod-
ulo of 2pi. The phase W = 0 represents non-topological
phase. One can achieve higher order WNs by increas-
ing the number of interacting neighbors. The transition
from one topological phase to other occurs through topo-
logical quantum critical lines (TQCL)29. These TQCL
are the gap closing points in the quasi-energy spectrum.
It is important to note that, for all TQCLs there are
the gap closings but all the gap closings need not im-
ply TQCL15. The gap closing results in quantum phase
transition (QPT). If this QPT differentiates two distinct
topological phases, then this gap closing points are known
as topological quantum phase transition (TQPT) points.
WN always corresponds to the number of localized
edge modes of the topological gapped phases. Recently
there are some works which show the localized edge
modes even at the criticality37–50. Hence it is clear and
meaningful to find the WN around criticality and physi-
cally it is possible to find the corresponding edge modes.
There are some cases, where one can get the fractional
WNs. Even though, there are no proper experimental
evidences for fractional edge modes, it is possible to de-
fine the fractional WN around criticality. The definition
of WN can be generalized by omitting the infinitesimal
neighborhood of gapless/critical points. Then the modi-
fied expression for WN is
W =
1
2pi
limδ→0
∫
∀i:|k−ki|>δ
∂θk
∂k
, (8)
where {ki} is the arbitrary number of critical/gapless
points in the parameter space40. Thus, we can define
the WN around the critical point.
Here we consider a limited number of interacting neigh-
bors i.e., r = 2, 3, 4 and analyze the higher order WNs
and TQPT among them.
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FIG. 1: Winding number plots for different values of α. Red, blue and green colors are for µ = 0, 0.5 and 1 respectively.
The upper, middle and lower panels are for r = 2 ,r = 3 and r = 4 respectively.
r=2
Here gap closing occurs at three different values of
k. (Appendix C) which corresponds to three different
TQCL. For this case, WN is
W =
1
2pi
∫ pi
−pi
(
4λ2QA
P 2 +
2λB
P
)
(
4λ2Q2
P 2 + 1
) , (9)
4where P = (−2λ (2−α cos(2k) + cos(k))− µ), Q =
(2−α sin(2k) + sin(k)), A =
(−21−α sin(2k)− sin(k))
and B =
(
21−α cos(2k) + cos(k)
)
.
The upper panel of Fig. 1 represents the case r = 2.
In Fig. 1(a), for α = 0, transition occurs from W = 0 to
W = 1 transition occurs through 1st critical line (k = 0),
W = 2 to W = 1 transition occurs through the 2nd
critical line (k = pi) and W = 0 to W = 2 through
the 3rd critical line (k = cos−1(−2α−1)). The red line
represents µ = 0 case. It is known that, WN always takes
the quantized integer values. But the red line quantizes
somewhere between W = 1 and W = 2. This signals the
presence of fractional WN29. But for α = µ = 0 for all
finite values of λ, red line falls under TQPT case. Hence
at these points WN is fractional. In Fig. 1(b) for α = 0.5,
the condition is similar as before except µ = 0 case. Here
the red line quantizes at W = 1. We can observe that
the plateau of W = 2 region is reduced which indicates
the decrease in the stability of the higher order WN. In
Fig. 1(c) we can see that W = 2 region is absent. Here we
observe only W = 1 and W = 0 phases which is original
Kitaev chain.
r=3
Here gap closings occurs at four different values of k.
(Appendix C) which corresponds to four different TQCL.
For this case, WN is
W =
1
2pi
∫ pi
−pi
(
A
Q2 +
B
Q
)
(
4λ2P 2
Q + 1
) , (10)
where, P = (2−α sin(2k) + 3−α sin(3k) + sin(k)), Q =
(−2λ (2−α cos(2k) + 3−α cos(3k) + cos(k))− µ), A =
4λ2P
(−21−α sin(2k)− 31−α sin(3k)− sin(k)), and B =
2λ
(
21−α cos(2k) + 31−α cos(3k) + cos(k)
)
.
The middle panel of Fig. 1 represents the case r = 3.
In Fig. 1(d) TQPT from W = 3 to W = 0 occurs through
2nd and 4th critical lines and W = 1 to W = 0 occurs
through 1st critical line. Here we do not find any W = 2
phase. This is because, for all finite values of λ, the
2nd critical line vanishes. Here we do not consider the
case λ = 0 as the superconducting pairing term remains
zero for all values of µ. Fig. 1(e,f) represent the reduced
higher order WN. Here we observe only two phases, i.e.,
W = 1 and W = 0.
r=4
Here gap closings occurs at five different values of k
(Appendix C) which corresponds to five different TQCL.
For this case, WN is
W =
1
2pi
∫ pi
−pi
(
P
B2 +
Q
B
)
(
4λ2A2
B2 + 1
) , (11)
where A =
(
sin(2k)
2α +
sin(3k)
3α +
sin(4k)
4α + sin(k)
)
, B =
−2λ
(
cos(2k)
2α +
cos(3k)
3α +
cos(4k)
4α + cos(k)
)
− µ, P =
4λ2A
(
− sin(2k)2−1+α − sin(3k)3−1+α − sin(4k)41−α − sin(k)
)
, and Q =
2λ
(
cos(2k)
2−1+α +
cos(3k)
3−1+α +
cos(4k)
4−1+α + cos(k)
)
.
The lower panel of Fig. 1 represents the r = 4 case.
In Fig. 1(g) the transition from W = 4 to W = 0 occurs
through 3rd and 4th critical lines. Here both critical lines
superpose on each other and results in the transition. In
Fig. 1(h) we can see the transition from W = 2 to W = 1
through 2nd critical line and W = 2 to W = 0 through
1st critical line. In Fig. 1(i) we find only two phases
W = 1 and W = 0, which is once again original Kitaev
chain. (We present the details of superposition of TQCL
in Section IV.)
From this study we make following observations:
1. We notice that, by increasing the number inter-
acting neighbors, it is possible to get higher order
WNs. However for a isotropic long-range model, it
is not possible to achieve all the intermediate higher
order WNs.
2. Higher order WNs are less stable (decay early) com-
pared to its lower orders.
3. We observe a transition between even-even and
odd-odd higher order WN. We also notice that, it is
not possible to observe all the higher order TQPT.
To analyze the above observations we use even-odd site
coupling effect and ground state energy analysis.
B. A Study of Even-Odd Site Coupling Effect
The lower panel of Fig. 1 represents r = 4 case. Here
we consider interaction upto the 4th nearest neighbor.
From the WN study we understand that W = 3 phase is
not possible to achieve. Hence, to check the possibility
of W = 3 phase, by analyzing the even-odd site coupling
effects. (This study can be done for any higher order WN.
Here we consider r = 4 case only.) The Hamiltonian for
r = 4 can be written as,
(12)H = −
L∑
j=1
µ(c†jcj − 1/2)−
L−4∑
j=1
(HEven +HOdd) ,
where, HOdd =
λ
1α (c
†
jcj+1 + c
†
jc
†
j+1 +H.c.) +
λ
3α (c
†
jcj+3 +
c†jc
†
j+3 +H.c.) and HEven =
λ
2α (c
†
jcj+2 + c
†
jc
†
j+2 +H.c.) +
λ
4α (c
†
jcj+4 + c
†
jc
†
j+4 +H.c.).
Corresponding WN expression is given by Eq. 7,
5where
χz = −µ− 2λ
(
r∑
l=Odd
cos(kl)
lα
+
r∑
l=Even
cos(kl)
lα
)
,
χy = 2λ
(
r∑
l=Odd
sin(kl)
lα
+
r∑
l=Even
sin(kl)
lα
)
. (13)
When we consider the combined effect of HEven and
HOdd, the nature of the system remains same. But,
when it is considered individually, the system may be-
have differently, depending on the parameter space (Ap-
pendix A).
Fig. 2 represents the effect of even-odd interacting
neighbor effect in long-range neighboring interactions
with r = 4. Here we can observe that, with the intro-
duction of even-odd site effect it is possible to achieve
different sets of topological phases. In the original case,
W = 3 and W = 2 phases were absent. By introduc-
ing even-odd site effect through hopping and pairing, we
can obtain them. The negative WN in Fig. 2 represents
the change in the direction of winding in the parame-
ter space. When the value α increases, the higher order
WN reduces to W = 1. For a particular combination
of hopping and pairing, WN remains zero as in Fig. 2
(d). Through this study, we realize that, it is possible
to get comparatively stable higher order WNs through
even-odd site effect.
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FIG. 2: Effect of even-odd site coupling effect for different possibility of hopping and pairings. Here µ = 1, red and
blue lines correspond to α = 0 and α = 1 respectively. When α = 0 and W = 1, WN secures possible higher and
lower orders respectively. The negative WN represents the opposite direction of winding in parameter space.
C. Stability of Higher Order Winding Numbers
With Respect to α
Fig. 3 represents the effect of α on topological phases.
For r = 2, we can get all possible topological phases, as
we increase the value of α. For r = 3, we can observe the
absence of W = 2 topological phase. This is because of
vanishing of 3rd critical line with the increasing values of
α. For r = 4, we can observe W = 4 topological phase for
a very short interval. As we increase α, W = 4 disappears
and forms W = 2 phase. Here we observe the absence of
W = 3 topological phase. Hence it is clear that, there is
a suppression of topological phases especially in higher
neighboring interactions with the increasing values of α.
6As one goes with more nearest neighbors, the possibility
of obtaining higher order WN increases. These higher or-
der WN are comparatively less stable with the increasing
value of α.
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FIG. 3: Outer panel: Variation Winding number with
respect to α. Here the number of interacting neighbors
varies from r = 2 to r = 10. The TQPT from higher WN
to lower occurs among even-even (odd-odd) only. Inner
Panel: Corresponding 2nd order energy derivative plots.
As the number of interacting neighbors r increases, the
primary peak shifts towards the lower values of α
.
Here we observe another interesting behavior. When
r > 2, there is a TQPT among even and odd WN only.
TQPT always occurs through critical lines. But due to
the long-range behavior, the correlation factor shrinks
for the higher order WNs. This results in the vanishing
and superposition of critical lines with increasing value
of α. Hence the TQPT shifts for lower values of α which
means the stability of higher order WN is reducing. For
a isotropic Kitaev chain, the pairing and hopping terms
decay in the same order. In such system, we can observe
TQPT among even-even (odd-odd) WNs upto W = 2.
At the end, all higher order WNs reduce to original Ki-
taev chain i.e., W = 1 topological phase.
Inner panel of Fig. 3 gives derivative of energy
dispersion. The discontinuity in the derivative of energy
symbolizes the order of the phase transition21,34,35. Here
we observe discontinuity in second order derivative of
energy with respect to α, which indicates the transitions
are second order TQPTs (Appendix B). The primary
peaks are the TQPT from higher most WN to consec-
utive even/odd WNs. For the higher order WN, the
peaks shifts towards lower values of α and higher values
of E′′k . We notice that the shifting of the peaks to higher
values of E” corresponding to higher order WN can also
be used as a measure of stability.
D. Pseudo-Spin Vector Parameter Space (PVPS)
Another way to understand the topological properties
of the system is through the analysis of configuration
space29,51. The pseudo-spin vectors can be used as the
components of the configuration space. The pseudo-spin
vector parameter space (PVPS) curves form a closed loop
in the configuration space. If the PVPS includes the
origin within the closed loop, it represents topological
state.
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3rd TQCL1st TQCL
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FIG. 4: PVPS plots for r = 2. Blue and red curves
are topological phases and TQPT respectively. Upper
panel (α = 0): The long-range Kitaev chain exhibits
TQPT from W = 0 to W = 2 through TQCL, W = 2
to W = 1 through 2nd TQCL and W = 1 to W = 0
through 1st TQCL. Lower panel (α = 1): The reduced
long-range Kitaev chain exhibits only two TQPTs. From
W = 0 to W = 1 through 2nd TQCL and W = 1 to
W = 0 through 1st TQCL.
The number of wraps in the PVPS gives the topo-
logical index (W). If the PVPS does not include the
7origin, it represents non-topological state. When the
curve touches the origin, it is the critical case where
topological invariant is ill defined.
For r = 2, PVPS equations are given by,
χz = −µ− 2λ(cos(k) + cos(2k)
2α
),
χy = 2λ(sin(kl) +
sin(2k)
2α
). (14)
Fig 4 represents the parameter space study of r = 2 sys-
tem.
We can observe a gradual transition from W = 0 to
W = 1. The upper panel represents the case when
α = 0. Here we observe transition from W = 0 to W = 2
through 3rd TQCL (Fig. 4(b)) and W = 2 to W = 1
through 2nd TQCL (Fig. 4(d)).In both the cases, the pa-
rameter curve touches the origin at different places. The
lower panel represents α = 1 case. Here we observe a
direct transition from W = 0 to W = 1. We do not find
W = 2 phase. This is because of superposition of two
TQCL. We also observe same nature in r = 3 and r = 4
cases (Appendix D).
E. A Few Exact Solutions for Topological
Characterization
α Phase Relation Expression Winding Number
0 1st TQCL (k = 0) µ = −4λ W = ( 1
2pi
) ∫ pi
−pi
7+8 cos(k)
10+8 cos(k)
dk W=1/2
(µ = −2λ(1 + 1/2α))
1 ,, µ = −3λ W = ( 1
2pi
) ∫ pi
−pi 1− 25+3 cos(k)dk W=1/2
0 2nd TQCL (k = pi) µ = 0 W =
(
1
2pi
) ∫ pi
−pi 3/2dk W=3/2
(µ = −2λ(−1 + 1/2α))
1 ,, µ = λ W =
(
1
2pi
) ∫ pi
−pi dk W=1
0 3rd TQCL (k = cos−1(−2α−1)) µ = 2λ W = ( 1
2pi
) ∫ pi
−pi dk W=1
(µ = λ/2α−1)
1 ,, µ = λ W =
(
1
2pi
) ∫ pi
−pi dk W=1
0 Gapped Phase µ = −λ W = limδ−→0+
(
1
2pi
) ∫ pi+δ
pi−δ
3+6 cos(k)
9+4 cos(k)−4 cos(2k)dk W=1
0 Gapped Phase µ = λ W = limδ−→0+
(
1
2pi
) ∫ pi+δ
pi−δ
3+2 cos(k)
9+12 cos(k)+4 cos(2k)
dk W=2
1 Gapped Phase µ = λ W = limδ−→0+
(
1
2pi
) ∫ pi+δ
pi−δ dk W=1
1 Gapped Phase µ = −λ W = limδ−→0+
(
1
2pi
) ∫ pi+δ
pi−δ 1− 2 cos(k)−3+cos(2k)dk W=1
TABLE I: A few exact solutions for the winding number when r = 2.
Here we try to find some exact solutions of winding
numbers of different parameter spaces. It is really diffi-
cult to find exact solutions to all parameter spaces. We
consider only some of the special cases and present the
exact solutions to WN.
r=2: Eq. 9 gives the expression for WN. Topological
invariant yields integer/fractional WN in the Brillouin
zone excluding the gap closing points. i.e., k = 0, pi and
cos−1(−2α−1). To find the WN around the gap closing
points, we omit the point and calculate WN. The topo-
logical index takes the form,
W =
∫
A+B cos(k) + C cos(2k)
a+ b cos(k) + c cos(2k)
, (15)
where A = 4λ2(2 + 22α), B = 2α+1λ(6λ+ 2αµ), C = c =
2α+2λµ, a = 4λ2(1 + 2α)22αµ2, b = 2α+2λ(2αµ+ 2λ2)
Here we have two cases depending on the parameter
space15,29,52.
81)
∫
A+B cos k
a+b cos k dk when a
2 > b2, (C = c = 0)
=
B
b
k +
2(Ab− aB)
b
√
a2 − b2 tan
−1(
√
a2 − b2 tan k/2
a+ b
) (16)
2) when b2 > a2, (C = c = 0)
=
B
b
k +
2(Ab− aB)
b
√
b2 − a2 Log(
√
b2 − a2 tan k/2 + (a+ b)√
b2 − a2 tan k/2− (a+ b) )
(17)
Other than this we have couple of more cases,
3) Consider z = exp(ik) and dz = dz/iz,∫
Adk
a+ b cos(k)
= a
∮
dz/iz
a+ b(z + 1/z)/2
= 8piA(z+−z−)/b,
(18)
where z± = −a/b±
√
a2/b2 − 1. Here z+(z−) is defined
as the root that is inside (outside) the contour |z|= 1.
4) In the similar way,∫
B cos(k)dk
a+ b cos(k)
=
(
z+
z+ − z− +
1
z+z−
+
1
z+(z+ − z−)
)
.
(19)
Based on parameter space, WN gets different quantized
values. Here we consider a few cases (see Table I).
IV. TOPOLOGICAL QUANTUM CRITICALITY
In this section, we calculate all possible critical lines
to understand the phase diagram and behavior of sys-
tem with decay parameter α. In quantum systems, the
transition occurs from one phase to another through the
QCP, which are the gapless points in the excitation en-
ergy spectrum. Eq. 6 gives the quasi-particle excitation
energy spectrum.
Fig. 5 represents r = 2 case. Here we can see the inter-
action is upto the 2nd nearest neighbor in the chain and
Hamiltonian becomes,
H =−
L∑
j=1
µ(c†jcj−1/2)−
L−2∑
j=1
λ
1α
(c†jcj+1 + c
†
jc
†
j+1 +H.c.)
+
λ
2α
(c†jcj+2 + c
†
jc
†
j+2 +H.c.).
(20)
The model contains three topologically distinct phases.
Throughout the case 1st TQCL separates W = 1 and
W = 0 and it is unaltered with variation of α. When α =
0, the 2nd critical line lies on the λ axis (Fig. 5(a)). As
one gradually increase the α the second critical line shifts
upward and merges with 3rd critical line (Fig. 5(c)). This
results in the suppression of W = 2 topological phase.
The 2nd TQCL keeps on moving upward with further
increase in the value of α. At this time the 3rd TQCL
gradually vanishes for α > 1 (Fig. 5(d)). We can see
this as a consequence of increasing value of α. Hence
the model reduces to original Kitaev model. We can
observe same kind of behavior in higher values of r also
(Appendix E for r = 3, 4 analysis).
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FIG. 5: Phase diagram of long-range Kitaev chain with
r = 2 for different values of α. Red, blue and green lines
represent the 1st,2nd and 3rd critical lines respectively.
With the increasing value of α, the blue line starts shift-
ing upwards to superpose on green line and green line
gradually vanishes.
Through this study of phase diagram we can make fol-
lowing observations.
1. As one increases the value of α, the long-range
model restore the original Kitaev model.
2. The higher order WNs get suppressed with the in-
creasing value of α. This process occurs through,
merging and vanishing of TQCLs.
We try to analyze the above observations in our next
sections. The above observation leads to some interesting
questions.
• If two TQCL overlap on each other, what is the
nature of the resultant TQCL?
• How a critical line can vanish? Is there any partic-
ular factor which affects this?
To answer these questions, we analyze curvature function
(CF) and ground state energy of the system.
A. Superposition of TQCL
Curvature function (CF) of Bloch state is an important
quantity whose integral over the Brillouin zone defines
the topological invariant15,53. This CF can take various
forms like Berry connection, Berry curvature and Pfaffian
9of Bloch states. The CF diverges as one approaches the
gap closing (critical) points. Hence the topological in-
variant at these critical points is ill defined. There are a
number of critical points within the Brillouin zone where
this divergence can occur. This number is directly pro-
portional to the number of interacting neighbors. A few
points among them have a symmetry k0 = −k0. Here
criticality depends only on k, and not on any other sys-
tem parameters. Usually the CF behaves as an even sym-
metric function (i.e., F (k0 + δk,M) = F (k0 − δk,M))
around such points. These points are called as high sym-
metry points (HSP). There are also points in the Brillouin
zone, where the symmetry k0 = −k0 is not obeyed. Here
the criticality depends on the parameters of the system
rather than k0. These are non-HSPs which shifts as one
changes the system parameters. Correspondingly the di-
verging peak of CF also shifts.
Here we consider Berry connection as our curvature func-
tion F (k,M). We try to analyze the behavior of critical
lines with the decay parameter α. We consider a simple
case r = 2 and analyze the curvature function to under-
stand the behavior of critical lines when they undergo
superposing. For the present case r = 2, the model be-
comes,
H = −
L∑
j=1
µ(c†jcj−1/2)−
L−1∑
j=1
r=2∑
l=1
λ
lα
(c†jcj+1+c
†
jc
†
j+1+H.c.).
(21)
Hamiltonian in BdG format is,
H =
(
χz −iχy
iχy −χz
)
, (22)
where χz = −µ − 2λ(cos(k) + 12α cos(2k)) and χy =
2λ(sin(k) + 12α sin(2k)).
Hence Berry connection for a Bloch state across the
Brillouin zone (|unk〉 = 1√2χ
(
−χ
χz + iχy
)
),as a curvature
function is defined as,
Ak = −2i 〈unk|i∂k|unk〉 = χz∂kχy − χy∂kχz
χ2z + χ
2
y
. (23)
Ak =
2λ (2 (4α + 2)λ+ 2α (A))
4λ2 + 4α (B) + 2α+2λ(2λ cos(k) + µ cos(2k))
.
(24)
where A = cos(k) (2αµ+ 6λ)+2µ cos(2k) and B = 4λ2+
4λµ cos(k) + µ2. Here HSPs are k0 = 0, pi and non-HSP
is k0 = cos
−1(2α−1). As there are just two interacting
neighbors, we have three critical points.
In Fig. 6 we show the behavior of 2nd (HSP) and 3rd
(non-HSP) TQCL just before and after superposition,
i.e., blue and green lines in the Fig. 5. The 2nd TQCL
starts moving upward with increase in α. When α = 0
we can see the symmetry behavior of HSP (Fig. 6(a)).
The CF tends to diverge for the particular parameter
space (µ = 0, α = 0, λ = 1). As the critical point is
crossed, the CF flips its sign, but the point of divergence
remains same. This is the generic nature of HSP. In the
same way, even for a non-HSP, the CF tends to diverge as
one approaches critical point. As critical point is crossed
(µ = 2, α = 0, λ = 1), the CF flips its sign, but the point
of divergence is not same. The point of divergence shifts
based on the parameter space. This is the behavior of
non-HSP (Fig. 6(b)).
Fig. (6(c) shows the superposition of 2nd (HSP) and
3rd (non-HSP) TQCL. We can observe that the line acts
as combination both HSP as well as non-HSP. As, one
approaches the critical point from the lower values of µ
the CF behaves like HSP. But after the critical point
(µ = 1, α = 1, λ = 1), it behaves as that of non-HSP.
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FIG. 6: Left panel Curvature function for (a) HSP k0 =
pi (b) non-HSP k0 = cos
−1(2α−1) (c) Superposition of
both HSP and non-HSP. Right panel The process of
vanishing of critical line. d) Gap closing of 3rd critical
line for different values of α. Red,blue, green and orange
lines represent µ = 1, 0.7, 0.5 and 0.35 respectively. e)
All three critical lines for α = 1.5. f) Discontinuity in
the second order derivative of ground state energy. Two
spikes corresponds to 1st and 2nd TQCL respectively.
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B. Vanishing of TQCL
TQPTs are the discontinuities in the second order
derivative ground state energy of the system21,34,35. In
this section, we study ground state of quasi-energy spec-
trum to understand the TQPT and vanishing of TQCL.
The right panel of Fig. 6 represents the TQPT with
variation of α. We observe that with the increasing values
of α the critical point shifts towards the center. Fig. 6(d)
shows variation of 3rd TQCL with respect to α. For
the values α > 1 there is no gap closings. This results
in vanishing of third critical line. Fig. 6(e) shows the
existence of other two critical lines for the values α > 1.
Hence to verify this, we study the discontinuity in the
ground state energy. We found the discontinuity in the
second order derivative of energy spectrum. i.e.,
∂2E(λ)
∂λ2
=
∂2
∂λ2
(
1
2pi
√
(χz)
2
+ (χy)
2
)
,
∂2E(λ)
∂λ2
=
2λ2 sin2(k) (2α + 2 cos(k))
2
pi (4λ2 + 4α (Q) + 2α+2λA)
√
P
, (25)
where P = 41−αλ (4α(µ cos(k) + λ) + 2αA+ λ)+µ2, Q =
4λ2 + 4λµ cos(k) + µ2 and A = (2λ cos(k) + µ cos(2k))
Fig. 6(f) shows the discontinuity in second order
derivative of the energy spectrum. We find only two
spikes, which correspond to 1st and 2nd TQCL. We do
not find any signature for 3rd TQCL. This means for
α > 1 3rd TQCL vanishes (also one can refer derivation
of 3rd TQCL). This shows how a critical line can vanish.
When one increases the number of interacting neighbors,
more and more topological region forms with more num-
ber of TQCL. As decay parameter α→∞, gradually all
higher order WN as well as TQCL vanishes. At the end,
only the TQCL which corresponds to HSP (k = 0, pi) re-
mains, which is a characterizing nature of original Kitaev
model.
C. Universality class of critical exponents
For 1D topological system, the quasi-particle excita-
tion energy dispersion around TQPT is given by,
Ek =
√
|∂g|2νz+k2z, (26)
where ∂g = t − tc, which is the distance to the critical-
ity11,18. When the gap closes, one can expect the edge
mode to decay into the bulk with ξ ∝ |g|−ν , where ξ is
the correlation length and ν in correlation length criti-
cal exponent. At t = tc (at QCP), Ek = k
z where z
is the dynamical critical exponent, which determines the
nature of energy dispersion.
Fig. 7 shows the transition from quadratic to linear en-
ergy dispersion. This signals a transition in universality
class of critical exponents. To verify this, we calculate
different critical exponents for our model.
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FIG. 7: Quasi-energy dispersion for r = 2 around k = pi.
One can observe how the nature of dispersion changes
from quadratic to linear with the increasing value of α.
Exponent z: When r = 2, pseudo-spin vectors ex-
panded around a QCP at k = k0 is given by
χ(k0) = χ(k0) + χ
′(k0)k + χ′′(k0)k2/2. (27)
Plugging this into the energy dispersion in Eq. 6 ,
Ek =
√
(δg + Ck2)2 + (Dk)2
=
√
A4k4 +A2k2, (28)
where A4 = C
2 and A2 = 2δgC + D
2. The co-efficient
of k2 and k4 are responsible for linear and quadratic dis-
persion respectively. The dominant term among A4 and
A2 decides the nature of dispersion.
When k0 = 0,
A4 = (λ(−1− 4
2α
))2 (29)
A2 = 2(−2λ(−1 + 1
2α
)− µ)(−λ(−1− 4
2α
)) + (2λ(1 +
2
2α
))2
When k0 = pi,
A4 = (λ(1− 4
2α
))2 (30)
A2 = 2(−2λ(−1 + 1
2α
)− µ)(−λ(1− 4
2α
)) + (2λ(−1 + 2
2α
))2
Thus the dynamical critical exponent z is calculated
using the above equations.
Exponent ν: In the similar way one can calculate the
correlation function and its critical exponent by substi-
tuting pseudo-spin vectors in Eq. 23 which leads to the
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Qrnstein-Zernike form. i.e.,
F (k,M) |k=k0 =
A.δk(2B.δk)− (δg +Bδk2)A
δg2 + (2Bδg +A2)δk2 +B2δk4
=
2ABδk2−A(δg+Bδk2)
δg2
1 +
(
2δg.B+A2
δg2
)
δk2 +
(
B2
δg2
)
δk4
=
F (k0, δg)
1 + ξ2δk2 + ξ4δk4
, (31)
where ξ is the correlation function. In Eq. 31, there are
two terms which decides the correlation function. 1)
ξ ∝
√
2B
δg +
A2
δg2 , where the term
A2
δg2 dominates over
2B
δg . Hence ξ ∝ 1/|δg|⇒ ν = 1. 2) ξ ∝ 4
√
B2
δg2
and
ξ ∝ |δg|−1/2. Thus the dominating term among A and√
B decides the correlation critical exponent.
When k0 = 0,
A = λ
(
1 +
4
2α
)
, B = 2λ
(
1 +
2
2α
)
,
δg = −µ− 2λ
(
1 +
1
2α
)
(32)
When k0 = pi,
A = λ
(
−1 + 4
2α
)
, B = 2λ
(
−1 + 2
2α
)
,
δg = −µ− 2λ
(
−1 + 1
2α
)
(33)
The correlation critical exponent ν is calculated using
these equations. Table II gives a full comparison of
quasi-energy dispersion and critical exponents of both
TQCL at k = 0 and pi for long-range Kitaev chain when
r = 2.
α µ A2 A4 Ek A B z ν
(k = 0, k = pi) (k = 0, k = pi) (k = 0, k = pi) (k = 0, k = pi) (k = 0, k = pi) (k = 0, k = pi) (k = 0, k = pi) (k = 0, k = pi)
0 (-2, 0) (9.00, 1.00) (6.25, 2.25) (
√
A2k,
√
A4k) (3.00, 1.00) (1.58, 1.22) (1, 2) (1, 1/2)
0.5 (-1.7, 0.29) (5.80, 0.17) (3.66, 0.83) (
√
A2k,
√
A4k) (2.41, 0.41) (1.38, 0.95) (1, 2) (1, 1/2)
1 (-1.5, 0.5) (4.00, 0.00) (2.25, 0.25) (
√
A2k,
√
A4k) (2.00, 0) (1.22, 0.71) (1, 2) (1, 1/2)
1.5 (-1.35, 0.64) (2.91, 0.09) (1.45, 0.04) (
√
A2k,
√
A4k) (1.70, 0.29) (1.09, 0.45) (1, 2) (1, 1/2)
2 (-1.25, 0.75) (2.25, 0.25) (1.00, 0.00) (
√
A2k,
√
A2k) (1.5, 0.5) (1.00, 0) (1, 1) (1, 1)
2.5 (-1.17, 0.82) (1.82, 0.42) (0.72, 0.02) (
√
A2k,
√
A2k) (1.35, 0.6) (0.92, 0) (1, 1) (1, 1)
TABLE II: Critical points and critical exponents for long-range Kitaev chain with α = 2 obtained by an analysis of the
quasi-energy dispersion. Throughout the analysis, 1st TQCL k = 0 exhibits same universality class i.e., (z = 1, ν = 1).
But 2nd TQCL k = pi shows a transition from (z = 2, ν = 1/2) to (z = 1, ν = 1). This transition occurs around
α = 1.5. The table is obtained for r = 2.
The quasi-energy dispersion of TQCL at k = 0 remains
linear for all the values of α as the term A2 always domi-
nates over A4. The contribution of term A2 to the quasi-
energy dispersion results in the linear dispersion behavior
around the gap closing point k = 0. Thus the dynamical
critical exponent is z = 1 irrespective of the value of α.
Similarly, one can observe that the term A > B, which
contribute majorly to the divergence of correlation ξ as
one approaches TQCL. This implies the critical exponent
ν = 1 for all the values of α.
As one can observe from Fig 7, the nature of dispersion is
quadratic around the gap closing point k = pi for α ≤ 1.5
and is linear for α > 1.5. This can be analytically ver-
ified looking at the dominating term among A2 and A4
for k = pi from Table II. It is clear that, for α ≤ 1.5,
the term A4 > A2 implying the quadratic nature of Ek
and for α > 1.5, the term A2 > A4 implying the linear
nature of Ek around k = pi. This yields the dynamical
critical exponent z = 2 for α ≤ 1.5 and z = 1 for α > 1.5.
Similarly correlation critical exponent ν can be obtained
by looking at the dominating term among A and B. One
can observe that for α ≤ 1.5, the term B > A implying
ν = 1/2 and for α > 1.5 the term A > B implying ν = 1.
The TQCL k = pi possesses critical exponents z = 2, ν =
1/2 for α ≤ 1.5 and z = 1, ν = 1 for α > 1.5. It is
interesting to note that, a single TQCL has different uni-
versality class of critical exponents for different regimes
of α. The transition between two universality classes is
mediated by α and this seems to occur at α = 1.5. This
is a nice example of the breaking of Lorentz invariance
(for α < 1.5), the instances of which are rare in the con-
densed matter systems.
It is evident that when α→∞, the long-range model re-
duces to original Kitaev chain. This can also be verified
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by the universality classes of critical exponents by mak-
ing a comparison with original Kitaev chain as shown in
Table III.
Model k z ν Dispersion
Original Kitaev chain 0 1 1 Linear
pi 1 1 Linear
Long-range Kitaev chain
(r = 2 and α ≤ 1.5) 0 1 1 Linear
pi 2 1/2 Quadratic
Reduced long-range Kitaev chain
(r = 2 and α > 1.5) 0 1 1 Linear
pi 1 1 Linear
TABLE III: A comparison of universality class of criti-
cal exponents between the original Kitaev chain and the
reduced long-range Kitaev chain.
In the limit α > 1.5 the long-range Kitaev chain effec-
tively reduces to the universality class of the short-range
Kitaev chain as both the models share the same criti-
cal exponents (see Appendix F for calculation of critical
exponents of original Kitaev chain).
V. OUTLOOK AND EXPERIMENTAL
POSSIBILITIES
In this work we have used the isotropic conditions
(α = β, J0 = ∆0 = λ) and a limited number of interact-
ing neighbors (r) to explain topological characterization,
criticality and universality class of long-range model. The
results of our work can be generalized by considering the
other possible parameter spaces. When α, β → ∞, the
model reduces to original Kitaev model. But this should
undergo through the process of superposition and van-
ishing of TQCL as discussed earlier. When the pairing
term decays slower than hopping parameter, there may
be some possibilities of obtaining new exotic particles
like massive Majorana modes54. The results of criticality
may be interesting in those cases. We consider these as
the outlook of our present study.
Experimental Possibilities: There are a number of ex-
periments which explore the properties of long-range
models especially in trapped ions55–58, atom coupled
to multi-mode cavities59, magnetic impurities60,61 and
quantum computation17. In long-range models, the cor-
relation length shrinks for the longer neighbors62. Hence,
even by using a relatively small number of ions it is pos-
sible to suppress the finite-size effects. Within the tight-
binding BdG formalism, the Shiba chains can be modeled
to p-wave superconducting Kitaev chain with long-range
pairing and hopping63,64. Naturally Shiba chains exhibits
1/r decay away from certain limits of coherence length62.
Hence it is easy to map our isotropic Kitaev model in such
systems. Our analysis of criticality may help to explore
the subject in a better way.
VI. CONCLUSION
To summarize, we have presented a theoretical study
of the topological quantum phase transitions and quan-
tum criticality in the long-range Kitaev model. By car-
rying out an extensive topological characterization of the
momentum space, we show the possibility of obtaining
higher order winding numbers. The occurrences of phase
transitions from even-to-even and odd-to-odd winding
numbers are observed with decreasing long-rangeness in
the system. We have studied the dependence of the
topological phase transitions on the odd-odd and even-
even sites coupling of the hopping and pairing terms.
We have also performed a few exact solutions for the
winding numbers in support of our findings. All possi-
ble topological quantum critical lines are derived for our
model. The winding number decreases with decreasing
long-rangeness in the system. As a reason behind this
we show a mechanism of the superposition of two crit-
ical lines and vanishing of the one with higher winding
number. We have also obtained the universality class of
critical exponents for both the reduced long-range Ki-
taev chain as well as the original Kitaev chain to com-
pare. Also we have discussed the outlook and experimen-
tal aspects of our work. Instances of study of topological
quantum phase transitions covering long-range models
and quantum criticality are rare in the literature. We
hope that our work will help boost the understanding of
such systems.
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Appendix A: Even-Odd Site Coupling Effect
Winding Number is given by,
tan(φTotal) =
2λ ((sin(kl)/lα)Even + (sin(kl)/l
α)Odd)
−µ− 2λ ((cos(kl)/lα)Even + (cos(kl)/lα)Odd)
.
(A1)
When HEven = 0 and HOdd 6= 0,
tan(φ1) =
2λ (sin(kl)/lα)Odd
−µ− 2λ (cos(kl)/lα)Odd
. (A2)
When HOdd = 0 and HEven 6= 0,
tan(φ2) =
2λ (sin(kl)/lα)Even
−µ− 2λ (cos(kl)/lα)Even
. (A3)
The combined equation is tan(2φTotal) =
tan(φ1)+tan(φ2)
1−tan(φ1) tan(φ2) . Substituting the values, we get,
tan(2φT ) =
−4λ2 sin(φ1 + φ2)− 2µλ(sin(φ)1 + sin(φ)2)
4λ2 cos(φ1 + φ2)− 2µλ(cos(φ)1 + cos(φ)2) + µ2 .
(A4)
Hence, the sum of individual Even-Odd effect does not
give back the original. There exists some extra terms
which corresponds to the coupling between even and odd
sites. But for a vanishing chemical potential (µ = 0) the
sum of individuals is equals to the original.
Appendix B: An Analysis of Ground State Energy
and Topological Quantum Phase Transition
The general Hamiltonian for a quantum many-body
system is given by H(α) = H0 + αH1, where α is the
driving parameter. The Hamiltonian can be rewritten
as,
H(λ) =
N−1∑
0
n(α)|ψn(α) 〉〈ψn(α)|. (B1)
The first order QPT occurs due to the crossing of ground
state energy level.
Let 0(α) < 1(α)∀α < αc and 1(α) < 0(α)∀α > αc.
Hence
g(α) =
{
0(α), when α < αc
1(α), when α > αc.
(B2)
The derivative of ground state energy is given by,
∂g(α)
∂α
=
{
limα→αc−0
0(α)−0(αc)
α−αc =
∂0(α)
∂α
limα→αc+0
1(α)−1(αc)
α−αc =
∂1(α)
∂α .
(B3)
In general, ∂0(α)∂α 6= ∂1(α)∂α . Hence we do not find a
continuous transition across αc. The discontinuity at αc
represents the QPT. Usually the TQPTs are the second
order continuous QPTs where there is no level crossing
for the ground state energy i.e., g(α) = 0(α). The
first derivative of the ground-state energy is given by
∂0(α)
∂α = 〈ψ0(α)|H1|ψ0(α)〉 which is nothing other than
the Hellmann-Feynman theorem. Second order deriva-
tive is given by ∂
20(α)
∂2α = 〈ψ0(α)|H1|∂αψ0(α)〉 + H.c..
After few steps of simplification, one can get
∂20(α)
∂α2
=
∑
n 6=0
2|〈ψ0(α)|H1|ψ0(α)〉 |2
0(α)− n(α) . (B4)
For a quantum many-body system, Ek(α) =
∑
k k.
Hence, In the thermodynamic limit, summation can be
replaced by the integral and we get
∂20(α)
∂α2
= − 1
2pi
∫ pi
−pi
∂2
(√
(χz)
2
+ (χy)
2
)
∂α2
. (B5)
which gives the discontinuity in at the TQPT points.
Appendix C: Detailed Derivation of Critical Lines
for Extended Kitaev chain with r = 2, r = 3 and r = 4
When r=2
Here the gap closes for the values k = 0, pi and
cos−1(−2α−1)
Corresponding critical lines are,
First Critical line
When k = 0
(µ+ 2λ cos(k) + 2
λ
2α
cos(2k)) = 0
µ+ 2λ+ 2
λ
2α
= 0⇒ µ = −2λ( 1
2α
+ 1) (C1)
Second Critical line
When k = pi
µ− 2λ+ 2 λ
2α
= 0⇒ µ = −2λ( 1
2α
− 1) (C2)
Third Critical line
When k = cos−1(−2α−1),
(µ+ 2λ cos(k) + 2
λ
2α
cos(2k)) = 0⇒ µ = λ
2α−1
(C3)
where 0 < α ≤ 1
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When r=3
Here the gapless phase transitions happen for the sec-
ond term i.e.,
(2λ sin(k) + 2
λ
2α
sin(2k) + 2
λ
3α
sin(3k)) = 0
First Critical Line
When k = 0,
(µ+ 2λ cos(k) + 2
λ
2α
cos(2k) + 2
λ
3α
cos(3k)) = 0
µ+2λ+2
λ
2α
+2
λ
3α
= 0⇒ λ = − µ
2
(
1
3α +
1
2α + 1
) (C4)
Second Critical Line
When k = pi,
µ− 2λ+ 2 λ
2α
− 2 λ
3α
= 0
λ = − µ
2
(− 13α + 12α − 1) (C5)
Third Critical Line
When k = cos−1( 3
α
4 (− 12 +
√
1
2α − 4(3
α−1)
32α )),
µ+ 2λ cos(k) + 2
λ
2α
cos(2k) + 2
λ
3α
cos(3k) = 0
λ = − µ
8−α−1Q
(C6)
where P =
√
2−α − 4 ∗ 9−α (3α − 1) and
Q =
(
18αP − 36αP + 8α+1P + 9α − 18α − 22α+3)
Fourth Critical Line
When k = cos−1( 3
α
4 (− 12 −
√
1
2α − 4(3
α−1)
32α )),
µ+ 2λ cos(k) + 2
λ
2α
cos(2k) + 2
λ
3α
cos(3k) = 0
λ = − µ
8−α−1Q
(C7)
where P =
√
2−α − 4 ∗ 9−α (3α − 1) and(
18αP − 36αP + 8α+1P − 9α + 18α + 22α+3)
When r=4
Here the gapless phase transitions happen for the sec-
ond term i.e.,
(2λ sin(k)+2
λ
2α
sin(2k)+2
λ
3α
sin(3k)+2
λ
4α
sin(4k)) = 0
First critical line
When k = 0,
(µ+2λ cos(k)+2
λ
2α
cos(2k)+2
λ
3α
cos(3k))+2
λ
4α
cos(4k)) = 0
µ+ 2λ+ 2
λ
2α
+ 2
λ
3α
+ 2
λ
4α
= 0⇒
λ = − µ
2
(
1
4α +
1
3α +
1
2α + 1
) (C8)
Second Critical Line
When k = pi,
µ− 2λ+ 2 λ
2α
− 2 λ
3α
+ 2
λ
4α
= 0⇒
λ = − µ
2
(
1
4α − 13α + 12α − 1
) (C9)
Third Critical Line
When k = cos−1(−22α−13−α−1 +
1
32
2α− 103 3
√√
P 2 + 4Q3 + P − 22α−
8
3Q
3
3
√√
P 2 + 4Q3 + P
),
λ = − µ
2 (A+ 4 ∗ 3−α (23−2αX4 +X3) + (1− 31−α)X)
(C10)
where, A = −21−α + 4−α + (21−α − 23−2α)X2
X = −22α−13−α−1 + 1
3
22α−
10
3
3
√√
P 2 + 4Q3 + P −B
P =
(−27 ∗ 26−4α + 26−4α32−α + 26−3α32−α − 128 ∗ 3−3α)
Q =
(
3 ∗ 24−4α (2α − 2)− 16 ∗ 3−2α)
and B = 2
2α− 8
3Q
3
3
√√
P 2 + 4Q3 + P
Fourth Critical Line
When k = cos−1(−22α−13−α−1 −
1
3
(
1− i√3) 22α− 133 3√√P 2 + 4Q3 + P +
(1+i
√
3)22α−
11
3 Q
3
3
√√
P 2 + 4Q3 + P
),
λ = − µ
2 (−21−α + 4−α + 23−2αY 4 + 4 ∗ 3−αY 3 +A)
(C11)
where,
Y = −22α−13−α−1 −
1
3
(
1− i√3) 22α− 133 3√√P 2 + 4Q3 + P + B, A =(
21−α − 23−2α)Y 2 + (1− 31−α)Y and
B =
(1+i
√
3)22α−
11
3 Q
3
3
√√
P 2 + 4Q3 + P
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Fifth Critical Line
When k = cos−1(−22α−13−α−1 −
1
3
(
1 + i
√
3
)
22α−
13
3
3
√√
P 2 + 4Q3 + P +
(1−i
√
3)22α−
11
3 Q
3
3
√√
P 2 + 4Q3 + P
),
λ = − µ
2 (−21−α + 4−α + 23−2αZ4 + 4 ∗ 3−αZ3 +A)
(C12)
where, Z = −22α−13−α−1 −
1
3
(
1 + i
√
3
)
22α−
13
3
(√
P 2 + 4Q3 + P
)
+B
A =
(
21−α − 23−2α)Z2 + (1− 31−α)Z and
B =
(1−i
√
3)22α−
11
3 Q
3
3
√√
P 2 + 4Q3 + P
.
Appendix D: Pseudo-spin Parameter Space for
Extended Kitaev chain with r = 3 and r = 4
For r = 3, PVPS equations are given by,
χz = −µ− 2λ(cos(k) + cos(2k)
2α
+
cos(3k)
3α
)
χy = 2λ(sin(kl) +
sin(2k)
2α
+
sin(3k)
3α
). (D1)
(a) λ=0.2, μ=1, α=0 (f) λ=0.05, μ=0.5, α=0.5 (i) λ=0.05, μ=0.5, α=1
(b) λ=0.25, μ=0.5, α=0
(g) λ=0.11, μ=0.2, α=0.5 (j) λ=0.11, μ=0.2, α=1
(c) λ=0.4, μ=0.5, α=0 (h) λ=0.5, μ=0.3, α=0.5 (k) λ=0.5, μ=0.3, α=1
(d) λ=0.1, μ=0, α=0
(e) λ=0.4, μ=-0.5, α=0
FIG. 8: Parameter space plots for r = 3 for different
values of λ and µ. Left Panel (α = 0): The transition
from W = 0 to W = 3 occurs through 4th TQCL, W = 3
to W = 1 through 3rd TQCL. Middle panel (α = 0.5):
The transition from W = 0 to W = 1 occurs through
2nd TQCL. Right panel (α = 1): The transition from
W = 0 to W = 1 occurs through 2nd TQCL. The blank
spaces in the middle and right panels represent absence
of a second transition for α = 0.5 and α = 1 respectively.
Fig 8 represents the parameter space of r = 3 system.
We can observe a gradual transition from W = 0 to
W = 1 for different values of α. The upper panel shows
the transition when α = 0. Here we can find a transition
from W = 0 to W = 3 through 2nd TQCL and W = 3
to W = 1 through 3rd TQCL. Here we do not find any
W = 2 topological phase. The middle and lower panel
represent cases, when α = 0.5 and α = 1 respectively.
In both cases, we find a direct transition from W = 0
to W = 1 through 2nd TQCL. This is because of the
vanishing of other TQCL.
For r = 4, PVPS equations are given by,
χz = −µ− 2λ(cos(k) + cos(2k)
2α
+
cos(3k)
3α
+
cos(4k)
4α
)
χy = 2λ(sin(kl) +
sin(2k)
2α
+
sin(3k)
3α
+
sin(4k)
4α
). (D2)
Fig. (9) represents the parameter space of r = 4 system
for different values of α.
(a) λ=0.2, μ=0.5, α=0 (f) λ=0.2, μ=0.5, α=0.5 (k) λ=0.2, μ=0.5, α=1
(b) λ=0.25, μ=0.5, α=0 (g) λ=0.33, μ=0.5, α=0.5 (l) λ=0.33, μ=0.4, α=1
(c) λ=0.5, μ=0.5, α=0 (h) λ=0.5, μ=0.5, α=0.5
(m) λ=0.5, μ=0, α=1
(d) λ=0.25, μ=0, α=0 (i) λ=0.33, μ=0.4, α=0.5
(e) λ=0.25, μ=-0.5, α=0 (j) λ=0.8, μ=0.5, α=0.5
FIG. 9: Parameter space plots for r = 4 for different
values of λ and µ. Left Panel (α = 0): The transition
from W = 0 to W = 4 occurs through 4th TQCL, W = 4
to W = 1 through 3rd TQCL. Middle panel (α = 0.5):
The transition from W = 0 to W = 2 occurs through
4th TQCL, W = 2 to W = 1 through 2nd TQCL. Right
panel (α = 1): The transition from W = 0 to W = 1
occurs through 2nd TQCL. The blank space in the right
panel represents absence of a second transition for α = 1.
The upper panel represents α = 0. Here we find a
transition from W = 0 to W = 4 through 3rd TQCL
(Fig 9 b) and from W = 4 to W = 1 through 2nd TQCL
Fig 9 d). Here we do not find W = 3 and W = 2. This is
because of overlapping of 3rd and 4th TQCL. The middle
panel represents the case when α = 0.5. Here we observe
a transition from W = 0 to W = 2 through 4th TQCL
Fig 9 (g) and W = 2 to W = 1 through 2d TQCL Fig 9
(i). Here we do not find W = 3 because the 3rd TQCL
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vanishes. The lower panel represents the transition from
W = 0 to W = 1 through 2nd TQCL.
Appendix E: Phase Diagram for Extended Kitaev
chain with r = 3 and r = 4
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μ
(a) α=0
-1.0 -0.5 0.5 1.0
λ
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2
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μ
(b) α=0.5
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λ
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2
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μ
(c) α=1
-1.0 -0.5 0.5 1.0
λ
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μ
(d) α=1.5
W=0
W=0W=0
W=0
W=0
W=0 W=0
W=0 W=0
W=0 W=0
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W=0W=0
W=0 W=0
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W=1W=1
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W=1
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W=1
W=1W=1
W=1W=1
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W=1
FIG. 10: Phase diagram for r = 3. Red, blue, green and
magenta lines represent the 1st,2nd, 3rd and 4th critical
lines respectively. Initially the blue and green lines lie
on X-axis and gradually blue line shifts upward with in-
creasing value of α. Green and magenta line gradually
vanishes with the increasing value of α.
In Fig 10, we can see the interaction is upto the 3rd
nearest neighbor in the chain. Here the Hamiltonian
looks like,
H =−
L∑
j=1
µ(c†jcj−1/2)−
L−3∑
j=1
(
λ
1α
(c†jcj+1+c
†
jc
†
j+1+H.c.)
+
λ
2α
(c†jcj+2 + c
†
jc
†
j+2 +H.c.)
+
λ
3α
(c†jcj+3 + c
†
jc
†
j+3 +H.c.)
)
.
(E1)
Technically the model should contain four topologically
distinct phases. But here we can observe the suppression
of the region W = 2. When α = 0, the 2nd and 4th
critical lines overlap on each other and results in the
suppression of W = 2. But when we gradually increase
the value of α, the 3rd and 4th critical lines vanish
Fig 10 (b,c,d). So throughout this precess, W = 2 region
vanishes. Hence the model transforms to original Kitaev
model.
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FIG. 11: Phase diagram for r = 4. Red, blue, green, ma-
genta and cyan lines represent the 1st,2nd, 3rd,4th and
5th critical lines respectively. Initially the blue line lies
on X-axis and gradually moves upward with increasing α.
Cyan line is absent for all non-zero values of λ. Initially
green and magenta lines are overlapped and gradually
magenta line vanishes.
In Fig 11 we can see the interaction is upto the 4th
nearest neighbor in the chain and the Hamiltonian looks
like,
H =−
L∑
j=1
µ(c†jcj−1/2)−
L−4∑
j=1
(
λ
1α
(c†jcj+1+c
†
jc
†
j+1+H.c.)
+
λ
2α
(c†jcj+2 + c
†
jc
†
j+2 +H.c.)
+
λ
3α
(c†jcj+3 + c
†
jc
†
j+3 +H.c.)
+
λ
4α
(c†jcj+4 + c
†
jc
†
j+4 +H.c.)
)
.
(E2)
Technically the model should contain five topologically
distinct phases. When α = 0, we can observe the 3rd
ad 4th critical line merge together and result in the
suppression of W = 3 and W = 2. In the beginning, the
2nd critical line lies on the λ axis and gradually shifts
upward with the increase of α (Fig 10(b)). This results
in the formation of W = 2 region. The 5th critical line
vanishes for all finite values of λ and throughout the
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process W = 3 phase is suppressed. Hence once again
the model shifts to original Kitaev chain.
Appendix F: Calculation of universality class of
critical exponents for original Kitaev chain
Derivation of Dynamical critical exponent
Pseudo-spin vectors are given by,
χz(k) = −2J cos(k)− µ, χy = 2∆ sin(k) (F1)
When the pseudo-spin vector is expanded around the
critical point, it becomes
χ(k0) = χ(k0) + χ
′(k0)k +
hχ′′(k0)
2
k2 (F2)
When k = 0,
χz(0) = −2J − µ, χ′z(0) = 0, χ′′z (0) = 2J, χy(0) =
0, χ′y(0) = 2∆, χ
′′
y(0) = 0
Substituting into the energy dispersion equation,
Ek =
√
(χy)2 + (χz)2 =
√
(δd+ Ck2)2 + (Dk)2
=
√
A4.k4 +A2.k2, (F3)
where A4 = C
2 = J2, A2 = 2.δg.C + D
2 =
2(−2J − µ)J + 4∆2. When we substitute
J = ∆ = 1, µ = −1, the A2 term dominates. Hence
Ek ∝ k, where z = 1.
When k = pi,
χz(0) = 2J − µ, χ′z(0) = 0, χ′′z (0) = −2J, χy(0) =
0, χ′y(0) = −2∆, χ′′y(0) = 0
When we substitute J = ∆ = 1, µ = 1 into Eq. F3, the
A2 term dominates. Hence Ek ∝ k, where z = 1
Derivation of Correlation critical exponent
Correlation critical exponent can be calculated by sub-
stituting pseudo-spin vectors in Eq. 23, we get Qrnstein-
Zernike form. i.e.,
F (k,M) |k=k0 =
A.δk(2B.δk)− (δg +Bδk2)A
δg2 + (2Bδg +A2)δk2 +B2δk4
=
2ABδk2−A(δg+Bδk2)
δg2
1 +
(
2δg.B+A2
δg2
)
δk2 +
(
B2
δg2
)
δk4
=
F (k0, δg)
1 + ξ2δk2 + ξ4δk4
, (F4)
where ξ is the correlation function. In Eq. F4, there
are two terms which decides the correlation function. 1)
ξ ∝
√
2B
δg +
A2
δg2 , where the term
A2
δg2 dominates over
2B
δg .
Hence ξ ∝ 1/|δg|⇒ ν = 1. 2) ξ ∝ 4
√
B2
δg2
and ξ ∝
1|δg|−1/2. Thus the dominating term among A and √B
decides the correlation critical exponent.
When k0 = 0,
A = 2J,B = J, δg = −µ− 2J (F5)
When k0 = pi,
A = −2J,B = J, δg = −µ+ 2J (F6)
